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Abstract.
Ballooning instabilities are widely believed to be a possible triggering mech-
anism for the onset of substorm and current disruption initiation in the near-
Earth magnetotail. Yet the stability of the kinetic ballooning mode (KBM)
in a global and realistic magnetotail configuration has not been well exam-
ined. In this paper, the growth rate of the KBM is calculated from analyt-
ical theory for the two-dimensional Voigt equilibrium within the framework
of kinetic magnetohydrodynamic (MHD) model. The growth rate of the KBM
is found to be strongly dependent on the field line stiffening factor S, which
depends on the trapped electron dynamics, the finite ion gyroradius, and the
magnetic drift motion of charged particles. Furthermore, calculations show
that the KBM is unstable in a finite intermediate range of equatorial βeq val-
ues and the growth rate dependence on βeq is enhanced for larger ρi. The KBM
stability is further analyzed in a broad range of ky for different values of ion
Larmor radius ρi and gradient ratio ηj ≡ d ln(Tj)/d ln(nj), where Tj is the
particle temperature and nj is the particle density. The KBM is found to be
unstable for sufficiently high values of ky, where the growth rate first increases
to a maximum value and then decreases due to kinetic effects. The ky at the
maximum growth rate decreases exponentially with ρi. The current sheet thin-
ning is found to enhance the KBM growth rate and the unstable βeq regime
in the near-Earth magnetotail.
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1. Introduction
The ballooning instability of the near-Earth magnetotail has long been suggested as a
plausible trigger mechanism for the substorm onset. Several observational pieces of evi-
dence support this idea. Based on the geostationary satellite (GEOS) 2 observational data,
Roux et al [1991] suggested that the westward traveling surge observed by all-sky cam-
eras was the image of the ballooning instability during a substorm onset in the equatorial
region of the near-Earth magnetotail. Later, other GEOS 2 observational studies further
elaborated the role of the ballooning instability as a trigger mechanism for the substorm
onset [e.g. Pu et al, 1992, 1997]. Active Magnetospheric Particle Tracer Explorer/Charge
Composition Explorer (AMPTE/CCE) satellite observation provides additional evidence
that the ballooning instability can be a possible trigger for the substorm onset in the
near-Earth magnetotail [Cheng and Lui , 1998]. In situ observations within the magne-
totail configuration suggest that the current sheet breakup in the near-Earth before the
substorm onset with no Earthward fast flow might be due to middle-magnetotail recon-
nection, whereas the Earthward fast flow might not trigger the substorm onset [Erickson
et al , 2000; Ohtani et al , 2002a, b]. Saito et al [2008] reported the Geotail observations
which were consistent with the ballooning mode structures in the equatorial region of the
near-Earth magnetotail prior to the substorm onset. Moreover, the observational studies
also demonstrated that the predominant disruption modes prior to the substorm onsets
have longitudinal wavelengths λy during the expansion phase that peaks at ∼ 1000km,
corresponding to ky = 2pi/λy [e.g. Saito et al, 2008, Liang et al, 2009], where ky is in the
direction of dawn-dusk.
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Numerous previous analytical and simulation studies regarding the investigation of bal-
looning instabilities in the near-Earth magnetotail have been based on the ideal MHD
model. Hameiri et al [1991] suggested the existence of ballooning instabilities in the
near-Earth magnetotail using the linear MHD theory. The ideal MHD studies indicated
that the ballooning instability in the magnetotail would be stable due to strong plasma
compression effect [Lee and Wolf , 1992; Ohtani and Tamao, 1993; Lee and Min, 1996].
The ideal MHD treatment of the ballooning mode by employing both eigenmode analysis
and energy principle, results in stability conditions of different magnetotail configurations
for the substorm onset [Lee and Wolf , 1992; Pu et al , 1992; Lui et al , 1992; Ohtani and
Tamao, 1993; Bhattacharjee et al , 1998; Schindler and Birn, 2004; Cheng and Zaharia,
2004]. In all those calculations, the approximation ky → ∞ has been used. The ideal
MHD simulation results of Bhattacharjee et al [1998] suggest that the ballooning insta-
bility may be a possible mechanism of the substorm onset. Wu et al [1998] and Zhu et
al [2004] performed linear initial value MHD simulations to study the ballooning modes
with finite ky. Based on the Voigt equilibrium model [1986], Zhu et al [2004] investi-
gated the finite ky ballooning instability. Their results showed that the growth rate of
the ballooning mode increases with ky and gets saturated at large enough values of ky.
Nonideal and kinetic effects in the ballooning instability analyses were explored by using
the drift and Hall MHD as well as the gyrokinetic models [Pu et al , 1992; Wu et al , 1998;
Cheng and Lui , 1998; Ma and Bhattacharjee, 1998; Lee, 1999; Wong et al , 2001; Zhu
et al , 2003, 2007; Crabtree et al , 2003; Mazur et al , 2013]. Although, the final outcome
of stability analysis of the ballooning mode depends on the particular equilibrium model
adopted for the near-Earth magnetotail, however, a common conclusion of all these studies
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is that the ballooning instability may possibly be responsible for triggering the substorm
onset in the near-Earth magnetotail.
Ideal MHD model has long been used for the ballooning instability analysis. However,
the ideal MHD based ballooning mode description does not take into account the kinetic
effects. Some of the key deficiencies in the ideal MHD model originate from Ohm’s law
and adiabatic pressure law: (i) according to the ideal Ohm’s law, the plasma is frozen to
the magnetic field lines and moves across the fields with E×B drift velocity, thus ignoring
the parallel electric field (ii) the plasma pressure is considered to vary according to the
adiabatic pressure law. The Ohm’s law and adiabatic pressure law may not be valid for
many critical plasma phenomena. Therefore, for a more comprehensive description of the
ballooning instability, it is indispensable to incorporate key kinetic effects into physical
models. Kinetic-MHD is one such example which takes into account the dynamics of
both trapped and untrapped electrons, the effects of finite Larmor radius (FLR), and the
diamagnetic drift.
The kinetic MHD model has been implemented in several previous studies of the bal-
looning instability [Cheng and Lui , 1998; Wong et al , 2001; Horton et al , 1999, 2001].
Kinetic effects such as trapped particle dynamics, FLR, wave-particle resonance and par-
allel electric field were shown to be important in determining the stability of KBM in the
magnetosphere [Cheng and Lui , 1998]. Their theory is able to explicate the wave fre-
quency, growth rate and high critical β threshold of the low-frequency global instability
observed by the AMPTE/CCE, where β is the ratio of thermal pressure to the magnetic
pressure. In particular, the trapped electron effect coupled with FLR effect produces a
large parallel electric field that enhances parallel current and results in much higher sta-
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bilizing field line tension than predicted by the ideal MHD theory. As a result, a much
higher critical value of β than that predicted by the ideal MHD model was obtained.
Furthermore, Horton et al [2001] investigated the stability of ballooning mode in geotail
plasma and compared the calculation results between kinetic stability and MHD stability.
Wong et al [2001] developed a general stability theory of kinetic MHD for drift modes at
both low and high β limits. These kinetic MHD studies provided a better understanding
of the ballooning instability in wider parameter regimes of the near-Earth magnetotail
plasmas. However, the stability of the KBM in a global and realistic configuration has
been less studied.
This study is thus devoted to the evaluation of the KBM stability of a global near-Earth
magnetotail configuration using the 2D Voigt equilibrium model. Previously, Zhu et al
[2003, 2004] and Lee [1998, 1999] have used the Voigt equilibrium model for investigating
the ballooning mode stability of magnetotail configuration within the framework of ideal
and Hall MHD models. In this paper, we study the stability of KBM in the global mag-
netotail plasmas based on the Voigt equilibrium model for the first time. Analysis shows
that the KBM growth rate strongly depends on the parameter S(= 1+(ne/neu)|δ|); where
ne and neu are the total and untrapped electron densities, respectively. The parameter
δ depends on the untrapped/trapped electron dynamics, FLR effect and magnetic drift
motion of the charged particles. The ky dependence of the KBM growth rate for different
ion gyroradius ρi and gradient ratio ηj ≡ d lnTj/d lnnj are investigated in a broad range
of βeq with different current sheet width of magnetotail, where βeq represent the value of
β at the equator. These results suggest that the excitation of KBM instability through
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current sheet thinning remains a viable scenario for substorm onset in the near-Earth
magnetotail.
The rest of the paper is organized as follows. The Voigt equilibrium model for mag-
netotail plasma is presented in Section 2. In Section 3, we briefly recount the dispersion
relation and the growth rate of the ballooning mode based on the kinetic MHD theory. In
Section 4, we investigate the stability of the KBM in the magnetotail configurations using
Voigt equilibrium model by evaluating the growth rate of ballooning mode from theory.
Finally, a summary of the key results and a brief discussion on the new aspects of this
study are presented in Section 5.
2. Voigt Model of Magnetotail Equilibrium
In the 2D Voigt equilibrium model, the magnetic field lies in xz plane and can be ex-
pressed in terms of magnetic flux function Ψ as B = −∇× (Ψyˆ) = yˆ×∇Ψ [Voigt , 1986].
Previously, this model has been applied in the ideal and Hall MHD studies of the bal-
looning instabilities in the magnetotail plasmas [Zhu et al , 2003, 2004]. In this study, we
use the Voigt equilibrium model because it provides a rigorous formulation for the mag-
netostatic equilibrium. Since there is no X-point in the magnetic configuration, therefore,
the role of pre-existing magnetic reconnection process may be eliminated. Moreover in
the Voigt model, the equilibrium current density parallel to the magnetic field lines is
kept zero to exclude the current driven instabilities. This is achieved in the Voigt equi-
librium model by setting the magnetic field scaling parameter h = 0. Therefore, in the
Voigt equilibrium model, the only driving force for the ballooning instability in the bad
curvature region of the magnetic field lines comes from the pressure gradient. Finally, the
equilibrium current sheet thickness in the Voigt model could be varied by adjusting the
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equilibrium model parameters which allows the equilibrium magnetic field lines to vary
from dipole-like to tail-like for a long range of plasma β.
In this study, the geocentric solar magnetospheric (GSM) coordinates (x, y, z) are used,
where x is directed towards the sun, y is from dawn-to-dusk, and z is in the northward
direction in the equatorial plane defined by the magnetic dipole axis of the Earth. For
ballooning modes with large ky, the near-Earth region of the magnetotail can be modeled
using the 2D magnetostatic Voigt equilibrium [Voigt , 1986]. In this model, the Grad-
Shafranov equation includes the 2D dipole magnetic field of the Earth and can be expressed
as follows:
∇2Ψ+ d
dΨ
[P (Ψ) +
1
2
B2y(Ψ)] = −MD
∂
∂x
δ(x)δ(z). (1)
If we assume P (Ψ) = k
2
2
Ψ2 and By(Ψ) = −hΨ, where P is the equilibrium pressure
and By is the equilibrium magnetic field in the direction of dusk-dawn, k and h are the
constant scaling parameters. Note that, in this study we assume By = 0 by setting h = 0.
With these assumptions, equation (1) becomes linear in Ψ and takes the following form
Ψ(x, z) = −MD
2
∞∑
n=1
cos(ηnz)e
λnx(1 + e−2λnxb) + Ψ−∞ (2)
for the night-side magnetosphere x < 0, where MD is the dipole moment of the Earth.
The eigenvalues λn and ηn are related by two free physical parameters h and k as λ
2
n =
η2n−k2−h2, where ηn = (pi/2)(2n− 1)/zmp. The tail and day-side magnetopause locations
are zmp and xb respectively. The magnetic flux function (Ψ−∞) at x→ −∞ is considered
zero in this study. The key parameters in the Voigt equilibrium model are xb, zmp, k
2
and h. The contour plot of the magnetic flux function Ψ(x, z) of equation (2) is shown in
Figure 1. For low values of the pressure parameter k2, the magnetic field lines are round-
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shaped. As k2 value is increased, the plasma βeq increases and the field lines become
stretched as shown in Figure 1.
3. Eigenmode Dispersion Relation of KBM
The kinetic ballooning instability perturbations are considered in the regime k⊥ρi =
O(1) and k‖ ≪ k⊥, where k‖ and k⊥ represent the parallel and perpendicular wave number,
respectively. A local dispersion relation for the kinetic ballooning instability was derived
for the frequency ordering ω ≫ ωde, ωdi. Neglecting the nonadiabatic density and pressure
responses, the dispersion relation is obtained [Cheng and Lui , 1998]
ω(ω − ω⋆pi)
(1 + bi)V
2
A
≃ Sk2‖ −
2κ · ∇P
B2
. (3)
Here S is defined as follows [Cheng and Gorelenkov , 2004]:
S = 1 +
ne
neu
[βe
2
(
ω⋆pi − ω⋆pe
ω
)2 − qiTe
qeTi
(
ω − ω⋆pi
ω − ω⋆e )bi −
3
2
(
ω − ω⋆pe
ω − ω⋆e )
< ωˆde >
ω
(4)
+ (
ω − ω⋆pi
ω − ω⋆e )
ωˆBe + ωˆKe
2ω
]
,
where bi = k
2
yρ
2
i /2, and neu/ne = 1 − (1 − B(xe)/Bmax)1/2 is the ratio of untrapped
electron density to total electron density where B(xe) is the magnetic field at the equatorial
points (xe) and Bmax is the maximum value of the magnetic field at the equator. The
total electron density is ne = neu + net and the ratio of trapped electron density to
total electron density is net/ne = (1 − B(xe)/Bmax)1/2. The untrapped electron fraction
leads to the magnitude of stiffening factor S being greater than unity. In equation (4),
βe = 2Pe/B
2 represent the plasma parameter β for electron and ω⋆pj = ω⋆j(1 + ηj) is the
diamagnetic drift frequency due to pressure gradient for both ions and electrons, where
ω⋆j = B×∇Pj ·k⊥/(BωcjPj)(Tj/mj) and ηj = d lnTj/d lnnj . Furthermore, ωˆBe and ωˆKe
D R A F T January 1, 2019, 2:23am D R A F T
X - 10 ABDULLAH ET AL: KINETIC BALLOONING INSTABILITY
represent the frequencies of electrons due to grad-B drift and curvature drift respectively.
These are calculated as ωˆBe = 2B × ∇B · k⊥Te/qeB3 and ωˆKe = 2B × κ · k⊥Te/qeB2,
where κ = bˆ · ∇bˆ is the magnetic field curvature with bˆ = B/B, a unit vector along the
Earth’s magnetic field B with magnitude B = |B|.
Thus, the linear growth rate from the local dispersion relation in equation (3) is
γ2k = (
βeq − SβMHD
LpRc
)(1 + bi)V
2
A (5)
where Rc and Lp are the radius of the magnetic field curvature and the pressure gradient
scale length, respectively. βeq = 2P/B
2 = 2Pi/B
2 + 2Pe/B
2 is the equatorial β where we
assume Pi = Pe (Pi and Pe represent the pressure of ions and electrons), β
MHD = k2‖LpRc
is the predictable MHD β based on the ideal MHD theory and VA = B/
√
nimi is the
Alfve´n velocity. The mass ratio is considered to be mi/me = 1836.
4. Numerical Results
The key parameters in the KBM dispersion relation are evaluated as functions of xe in
the simulation domain from xe = −6RE to xe = −16RE at z = 0 for the Voigt equilibrium
model. Figure 2 shows the variations of Lp = P/(dP/dx), βeq, and Rc = 1/|bˆ · ∇bˆ| start
from the lowest values at xe = −6RE and approach to the highest values as xe ≥ −9RE .
However, βMHD is maximum at xe = −6RE and decreases to minimum value for xe ≥
−9RE . We evaluate the KBM stability of the Voigt equilibrium in a broad range of ky for
different values ρi and ηj. Furthermore, the KBM stability is explored in a wide range of
βeq for different values of ρi and zmp.
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4.1. βeq Dependence of KBM
Next, we investigate the stability of KBM for high βeq plasmas in the near-Earth mag-
netotail. For the KBM analysis in the near-Earth magnetotail, the pressure scaling pa-
rameter (k2) is used to control the local βeq. However, the plasma βeq of the equilibrium
increases as the k2 increases and the magnetic field lines become more tail-like (stretched).
The KBM growth rate as a function of βeq through the equatorial point xe = −9RE with
ηj = 0 is plotted for different values of ρi = 0.06, 0.07, 0.08, 0.09 (in unit of Earth radius)
as shown in Figure 3, where ky = 4pi/Ly, k‖ = κ/2, Ly = 0.1RE, and Te/Ti > 1. It is
found that the onset of KBM at low end of βeq increase dramatically for different values
of ρi. The KBM growth rate and the unstable regime of the ballooning mode increases
significantly for larger values of ρi. Furthermore, the growth rate reaches the peak value
and then decreases because the stiffening factor S increases with βeq. The stiffening factor
plays a prominent role in the KBM stability of the near-Earth magnetotail.
4.2. ky Dependence of KBM
We evaluate the growth rate of KBM in a long range of perpendicular wave number ky
using the Voigt equilibrium model at the Earth equator. In our simulations, the parallel
wave number k‖ along the field line is κ/3, where κ is the magnitude of magnetic field
curvature. In Figure 4, the KBM growth rate is plotted as a function of ky for different
values of ion Larmor radius (ρi) at xe = −9RE with βeq = 1.208. The value of ρi can
be evaluated as ρi = vthi/ωci, where vthi = (Ti/mi)
1/2 is the ion thermal velocity and
ωci = qiB/mi is the ion gyrofrequency. The ρi values is varied by changing the ion
temperature. The KBM is found to be stable at low values of ky due to the stiffening
factor S as evident from Figure 4. The KBM becomes unstable for large values of ky where
D R A F T January 1, 2019, 2:23am D R A F T
X - 12 ABDULLAH ET AL: KINETIC BALLOONING INSTABILITY
the onset of unstable regime depends on ρi. The KBM growth rate reaches the peak value
and then decreases again due to stabilizing effects of both the FLR and the field line
stiffening factor S. The ky at the maximum value of the growth rate is denoted by k
max
y
and it varies for different ρi as shown in Figure 4. To elaborate this further, we plot k
max
y
as a function of ρi, as depicted in Figure 5. The k
max
y decreases almost exponentially
with ρi. To further elaborate the growth rate dependence on ky, we consider the case of
ρi = 0.07RE. The stiffening factor S decreases first and then increases with respect to ky
as shown in Figure 6. This result is consistent with that of Figure 4. Such a stabilizing
effect due to S is unique to the near-Earth magnetotail configuration. There is also a
weak dependence of KBM growth rate on the gradient ratio ηj(ηj = d lnTj/d lnnj) shown
in Figure 7.
We evaluate the maximum growth rate of the KBM in the near-Earth magnetotail
as a function of xe using the Voigt equilibrium model (Figure 8). A specific case with
ρi = 0.07RE and ky = 92(1/RE) is selected, where the growth rate has a maximum
value at ky = 92 as shown in Figure 4. The KBM is more unstable at xe = 10.3RE in
the near-Earth magnetotail for the Voigt equilibrium model. The KBM is stable at high
values of xe at the equator due to the stabilizing factor of FLR effect and trapped electron
dynamics.
4.3. Thin Current Sheet Configuration of KBM
Most of the thin current sheet studies [Hau, 1991; Becker et al , 2001] investigate the
current sheets in the tail region at xe = 20RE, and some simulation studies by Lee
at el [1995]; Erickson [1992] have considered the thin current sheet near the Earth at
xe = −10RE . Thinning of the current sheet is considered to play a critical role in the
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substorm onset dynamics. Thinning of the current sheet of the near-Earth magnetotail
in the Voigt equilibrium model can be signified by reducing the value of zmp which is
the distance between the equatorial plane and the night-side magnetopause location [Zhu
et al , 2004]. We decrease the value of zmp from 3RE to 1RE in order to evaluate the
KBM growth rate for finite value of ky for the case of ρi = 0.09RE. We compare the βeq
dependence of KBM growth rate for thin current sheet (zmp = 1RE) and wider current
sheet (zmp = 3RE) (Figure 9). The KBM in the thin current sheet configuration is more
unstable. This result suggests that the two possible scenarios proposed in ideal MHD
model remain possible [Zhu et al , 2004]. In case of the wider current sheet, the KBM
evolution may follow a path which is stable at low value of βeq and becomes unstable as
the value of βeq exceeds the critical values. In case of the thin current sheet, the growth
rate of the KBM may rapidly grow to the large amplitude and increases in a long range
of βeq at the equator that may trigger the onset of substorm and current disruption.
5. Summary and Discussion
In this paper, the KBM stability is comprehensively evaluated for the near-Earth magne-
totail. Previous analytical theory reveals that the KBM growth rate changes significantly
with the parameter S, which depends on the kinetic effects. The growth rate of KBM
is numerically calculated for the 2D Voigt equilibrium model. The KBM stability is in-
vestigated in a wide range of βeq for different ρi values. It is observed that the critical
βeq for the KBM onset is higher for larger values of ρi above which KBM growth rate
increases with ρi. The growth rate of the KBM reach the peak value and then decreases
monotonically as βeq increases for different ρi values in the near-Earth magnetotail. It is
found that the KBM is stable at low values of ky because of the stabilizing factor S and
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becomes unstable for larger values of ky. In the unstable regime, the growth rate first
increases and reaches to a peak value and then decreases because of the stabilizing effects
from both FLR and the field line stiffening factor S. Our results also suggest that the
thin current sheet configuration enhances the KBM growth rate and may be responsible
for triggering the substorm onset in the near-Earth magnetotail.
The global eigenvalue approach for the evaluation of KBM growth rates instead of the
local approximation will be studied in future. Another question to be studied in the
future is the KBM stability in the generalized Harris sheet configuration which may be
more relevant to the near-Earth magnetotail prior to the substorm onset.
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Figure 1. Contour plot of magnetic flux function (Ψ) of the Voigt equilibrium in the
near-Earth magnetotail. The equilibrium parameters are xb = 6, zmp = 3, k
2 = 0.15.
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Figure 2. Variation of the key stability parameters as a function of xe at z = 0 (a)
the plasma scale length Lp = P/(dP/dx), (b) the plasma parameter βeq = 2P/B
2, (c) the
radius of curvature Rc = 1/|bˆ · ∇bˆ|, and (d) βMHD = k‖LpRc. All these parameters are
computed using the Voigt equilibrium model.
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Figure 3. The KBM growth rate as a function of βeq for the wide current sheet
configuration at the equatorial point xe = −9RE for four different values of ρi at ηj = 0.
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Figure 4. The KBM growth rate as a function of ky at the equatorial point xe = −9RE
for four different values of ρi.
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Figure 5. Variations of the maximum ky with ρi.
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Figure 6. Variations of the stiffening factor S in a long range of ky.
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Figure 7. The KBM growth rate as a function of ky at the equatorial point xe = −9RE
for two different values of ηj at ρi = 0.07RE.
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Figure 8. Maximum growth rate of the KBM as a function of xe at z = 0 using the
Voigt equilibrium model at ky = 92(1/RE) and ηj = 0.
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Figure 9. Comparison of the KBM growth rate for a thin (zmp = 1RE) and a wide
(zmp = 3RE) current sheet configuration for specific value of ρi.
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